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Motivation: Bilu's Equidistribution Theorem

We define the canonical height of a non-zero integer polynomial
P(X) = an Hj'.’:1 (X — a;) (or of its zeros o's if P is irreducible) to be

n
Pean(P) = %Iog |an| + %Z log max{1, |o;|}.
j=1
Theorem (Bilu)

Let (Pn)n>0 be a sequence of non-zero integer Polynomials with
limp— o0 Aean(Pn) = 0, such that each P, has pairwise different zeros, and g
the normed Haar measure on S' C C. For any bounded, continuous function

f: C — C it holds
n||_>moo deg TP, / fdug .

zeC
Pn(z2)=

Questions:
* What happens if hen(Pn) does not tend to 0?
e Can we get equidistribution on whole C instead of S'?
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The Fubini-Study metric on the projective line

e P}: Projective line defined over Z.
Zy, Zy: Homogeneous coordinates on IP"Z.

HOPL, O(m) = {0822 | g € 2} = (P e Z[X] | degP < n}
HO (P}, O(n)) @z C = HO(BL, O(n)) = {P € C[X] | deg P < n}
Fubini-Study metric: For s = Y7 a2}z e HO(PL, O(n)) we define

. 12

n —

o [Sreaaz
B (&P + 4P

|S‘12:S: IP(?: — RZO)

The curvature of the Fubini-Study metric on O(1) is given for the
coordinate z = Zy/Z; on C = {Z; # 0} C PL by

00
c1(0(1)) = . log |Z4 \1235 =

1

i
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Heights as integrals

* To a non-zero section s € H(Pl, O(1)) we associate the Fubini-Study
height hgs(s) and the Bombieri height hg(s) by the integrals

s(s) = & [ loglsisei©() + 4 o(s) = grlog | [sfEser(O(1)

C (o}

e We identify sections with polynomials by the bijection
{P € C[X]| deg P < n} — H°(P{, O(n))
n n
P=> aX —sp=> azlz’”
j=0 j=0

e We set

hes(P) = hes(sp)  and  hg(P) = hs(sp).
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Explicit formulas

o If P=3",aX =a,[[_(X — o) is @ non-zero integer polynomial, a
direct computation shows

n n 2
a.
hes(P) = 15 log \an|+§ Z log(1+]q|?), he(P) = 2n log (11 |(f7|) ) )

J=1

e More generally, for p > 1 we define

E7i o0 n - |aj|
hg(P) ﬁ Og (n+1 Z p/2 9 hB (P) = 1EIOg I'}"lzaOX ]n .
/ J

* By Jensen's inequality ([ log < log |) we get for any p € [2, oo] that

hes(P) — 3 < hg(P) < h3(P).
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Equidistribution of zero sets of integer polynomials

Theorem (W. 2022)

Let p € [1,00] and f: C — C be any continuous function, such that
lim|z| o f(2) is well-defined and finite.

® Let (Pn)n>1 be a sequence of non-zero complex polynomials such that
deg Pp = nand limy_, (H(Pn) — hes(Pn) + §) = 0. Then it holds

: dzndz
A ze; b 72"/fz)(I2|2+1)2

Pn(2)=0

® Let (ry)n>1 be a sequence of reals satisfying liminf,_, . r, > 0 and

limsup,_, o fn < 0. Set Pp = {P € Z[X] | deg P = n, h5(P) < ry}. It holds

@ limnoo 25, Ypep, IM(P) — hrs(P) + 3] =0,

i I 1 ' dzndZ
@ iMoo 5, Xperp, ’E ZPESSO H(2) = 2= Jo @) e | =
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Proof of (a) (and of “(b1)=(b2)")

After rescaling the Py's we may assume |[[Sp, [lsup = supcp. [Sp,(2)lrs = 1.

Si=

/f |gT2A+O:)2 = 15/ f(2) - 1 f(z)C1((9(1))‘
PZ(E)C 0 le(Spn) PC

1

=1 f(z)-=00log |s
Py 5 /11”& (2)5;00log s, [rs

f(2) (Oaiv(sp,) — C1((9(n)))‘

_ 1

~ 2mn

/ log ‘Spn |Fs(95f
Pt

<t / |log |Sp, ss| - 007
P

< /11»1 —log|sp,[rsc1(O(1)) = cr (5 log ||, llsup — hes(Pn) + )

C

< cr (M(Pn) — hes(P) + 1) + € -logn ™2 0.
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Hermitian line bundles on arithmetic varieties

* X/Z arithmetic variety:

® Integral scheme,

® projective, flat, of finite type and separated over Spec(Z),

® Xy smooth.

® Example: P}.
e L = (L, h) hermitian line bundle on X

® [ line bundle on &,
h = (hx)xex(c) System of hermitian metrics hy on the fibers Ly,
Is(x)|? = hy(s(x), s(x)) is smooth in x on U(C) for every s € H°(U, L).
Curvature form: ¢i(£) = 22 log|s|* locally where s is invertible.
Example: O(1)(e) is ©(1) on P}, equipped with the Fubini-Study metric
multiplied by e™¢: |s| = |s|ss - €7°.
® Small sections: A section s is called small (respectively strictly small) if

[[Sllsup = supxex(c) IS(X)| < 1 (respectively |[s|[sup < 1).

e The small sections form a finite set

HO(X, L) = {s € H(X,L) | ||8]lsup < 1}
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Equidistribution for arithmetic varieties

e L is arithmetically ample if
® Lisrelatively ample on X/Z,
® ci(L) >0,
e for p>> 0 the set H°(X, £L®P) is generated by strictly small sections.
L]

Example: O(1)(e) is arithmetically ample for every e > 0:

() O(1)isample on P;, (i) 1(O(1)(€)) = &1 (O(1)) > 0,

j 7p—j _2¢ A PR iy

(iii) HZ(]JZ1P IHEUP =e? psup[zo:z1]€IP’1z(C) m <etP <.

Theorem (W. 2022)

Let X be an arithmetic variety of dimension d = dim X > 2 and L an
arithmetically ample hermitian line bundle on X. For every (d — 2,d — 2)
CO-form ® on X (C) it holds

fim — >

oo Iy —®p
p— #HO(X,L: )SEﬁIO(X,Z@p)\{O}

;3/ <|>—/ d A (L) =0.
div(s)(C) X(C)
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Overview of the proof

@ Getrid of the form ¢ by Stokes’ theorem.

® Equidistribution for random holomorphic sections in complex
analysis by Bayraktar-Coman-Marinescu with respect to certain
(non-discrete) probability measures on Ho(X(C), £L(C)%P).

© Equidistribution for random sections in the real subspaces
HO(x, £2P)g of HO(X, LEP)c = HO(X(C), L(C)®P) for the probability
measures supported on symmetric, compact and convex subsets
Ko C HO(X, LZP) (e.8. Kp = {s € HO(X,LP)g | [|S]lsup < 1}).

@ Decompose HO(X, L®P)y into boxes associated to the lattice points of
HO(x, £®P) C HO(X, L®P)g. By Moriwaki one can choose these boxes,
such that they get exponentially fast small for p — .

O Show: If limp_, o0 %fx(c) | log |Sp||c1(£)?~1 = 0 for a sequence of
sections s, € HO(X, LZP) with ||Sp||sup < 1, then the same holds true
for a sequence s, with limsup,_, . [ISp — s;,||‘/P < 1.

@ Reduce from “almost all” sequences in K, N H°(X, L2P)g to “almost all”
sequences in K, N HO(X', £8P)(= HO(x, £°)) by (4) and (5).
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1. Get rid of the form ¢ by Stokes' theorem

® By Stokes' theorem and the positivity of ¢;(£) we can compute

= 23 / ® A 22 log|s|
X(C)

! / o / A ci(Z)
div(s)(C) x(C)

— 4| roglsighe <5 [ joglsil- |#e)

X(©) x(C)
<22 [ Jiog|g]| oy ()"

x(C)
® Thus, it is enough to prove
- 1 1 7\d—1
p'L’“OOW > E/X 5 llog|s]| c1(£)""" = 0.

# ( ' ) scho(x,2°7)\ {0}
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2. Equidistribution in complex analysis

Bayraktar, Coman and Marinescu introduced the following condition on
probability measures and proved the following theorem:

Condition B

A sequence (op)p>1 Of probability measures on HO(X(C), £L(C)®P) satisfies
(B) if for all p > 1 there exists a constant C, € R such that

/ llog (s, u)|| dop(s) < Cp Yu with |lu|| =1,
H(X(C),L(C)®P)

where HO(X(C), £(C)®P) is equipped with the L2-product induced by the
metric on L.

| A

Theorem (BCM 2020)
If (op)p>1 Satisfies (B) with limp_, % =0, then
limp_s o0 fHO(X(([j%[:(C)@p) 2_7 f;(((c) |log |s]| ¢1 (Z)d71 dap(s) =0.
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3. Equidistribution for real subspaces

* (Kp)p>1: Sequence of symmetric, compact and convex subsets
Ko € HO (X, LZP)s C HO(X, L%P)c = HO(X(C), L(T)®P).

Assume that the K,'s are bounded by balls BT/ C K, C B, with

lim r'/P = I|mr =1.

p—o0 p—o0

Example: K, = {s € HO(X, LEP)g | ||S|lsup < 1}
One can show, that the probability measures
1
o= VO](KP)MKP

satisfy (B) with limp_, o % = 0 for the Lebesgue measure X on
HO (X, LOP)R.
We get

P—>ooVol / / llog|s]| c1(£)?~"dA(s) = 0.
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4. Decomposition into boxes at lattice points

o HO(Xx, L®P) C HO(X, L®P)g is a lattice.
® Spi.-..,Spa, € HO(X,L¥P): Lattice basis of minimal norms.
® By Moriwaki there exists v < 1 with

q
max 8o, < G- - V2.

 Forevery x ¢ HO(x, £L®P) we define the box

=

do
Q = {X-l— Za,-spJ

a,-e[o,1)}fz[o,1)dp.

* We get the disjoint decomposition

H@X, L% = || Q.
XEHO(X,L®P)
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5. Two near sequences of sections

* (Sp)p=1 (Sp)p=1: Two sequences of sections sp, s, € H(X(C), L(C)®P)
® Assume:

O |lsollsvp < 1,

@ limsup,, . |lsp - spll'/P <1,

@ limp oo 15 fx(c) llog|sp|| c1(£)?~" = 0.
e Then one shows that it also holds

lim 1/ log|sh|| c1(£)?" = 0.
p—oo P X(C)| 'D’ ( )

e |dea of proof:

® Prove it on smooth projective complex varieties by induction on dim.

® The case dim = 0 is easy.

® For the induction step use Stokes’ theorem to reduce to the divisor of a
section of a very ample line bundle.

® By Bertini's theorem this divisor is in general smooth.

® One gets an error term, which can be made smaller than any € > 0 by
choosing the section using BCM 2020 (see (2.)).
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6. Concluding by geometry of numbers

* T, C HO(Xx, L®P) N Kp: Subsets of positive density, that is

liminf #Tp
Vol Q«NK,
It follows, that liminfp_, O(I‘l+w > 0. By geometry of numbers

one shows that the boxes intersecting 0K, do not matter.
By (3.) there is a sequence (sp)p>1 with s, € | |7 Qx N Kp such that

> 0.

lim ,1)/ llog |sp|| &1 (£)?" = 0.
X(C)

® By (4.) and (5.) there is a sequence (s;,)p21 with s;, € Tp such that

lim %/ |log |sp | c1 (£)?~" = 0.
x(C)

p—o0

e As %fx(c) |log |spl| c1(£)7~" < deg(Z”) is bounded, we get

1 _
lim > l/ llog |s|| c1(£)°~" = 0.
o) 0 ® ’
pooe Ko VX, LEF) ol eemy (o) © 7 %©
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Thank you for your attention!
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