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Distribution of algebraic numbers

® Leopold Kronecker: “Die ganzen Zahlen hat der liebe Gott gemacht, alles
andere ist Menschenwerk.”
(God made the integers, all else is the work of man.)

® Integers:Z=1{...,-2,-1,0,1,2,...}.

e Rational numbers: Q = {g ‘ p,.qEZ,q+# 0}.

e Real numbers R: Limits of (Cauchy) sequences of rational numbers.
e Complex numbers: C =R + i - R by adding i = v/—1.

e Algebraic numbers: All numbers constructible in an algebraic way

@:{zec HP:Zn:akXKGZ[X]\{O}: P(Z)IO}-

k=0

* How to study the distribution of Q in C?

e For any sequence (P, = >"7_o @nxX*)n>1 With |a, x| < M and
an.n- ano # 0 the zero sets converge to the unit circle S' C C.

e By Erdds-Turan's Theorem, M can be replaced by functions M(n, k)
subexponential in n.
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The zero set of a random polynomial |

e The zero sets of two polynomials with random integral coefficients in
{-100,-99,...,99,100} of degree 50 and 200 plotted with SageMath:
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e What happens if the bounds M(n, k) are not subexponential in n?
e Can we get distribution with respect to the whole complex plane?
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Zero sets distributed by the Fubini-Study measure

e For every r € R and every positive integer n define the set

|ak|§r~\/@}.

n
Pnr = {P = aX* e Z|X]
k=0

Theorem 1 (W. 2022)

For every sequence (rh)n>o of real numbers with liminf,_, rp V"> 1 and every
continuous function f: C — C with lim;|_,, f(2) being finite and well-defined,

1 dzdz
A P 2 n 2 0= 5 [ e g =

Pn,rn \{0} sze)go

v

* That means, for “almost all” sequences (Pp)n>1 With P, € Pp ., the zero
sets converge to the Fubini—Study measure.

* Note that y/(37) ~ (mw)1/4 is exponential in n=2m.
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The zero set of a random polynomial Il

® The zero sets of two polynomials with random integral coefficients
—1004/(}) < ax < 1004/(}) of degree n =100, 700 by SageMath:
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Line bundles on algebraic varieties

Line bundle over the
algebraic variety.
(line = 1-dim. vector space)

4—Image of the section s

Algebraic variety:
T Gluing of zero sets of
s

systems of polynomials
in several variables.

Divisor of section s:
Subvariety of points, where
s meets the line at 0.
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Example: The projective line P},

Adding a point at infinity, the complex num-
bers C become the Riemann sphere P, with
homogeneous coordinates [Z : Z1].
(Source of image: Wikipedia)

® We have a canonical isomorphism {Z; # 0} =N C, [&:Z4]— %’
* Pl is equipped with natural line bundles O(n) having global sections

ax € «:} {P— En:aka € (C[X]}

k=0
e The above identification respects the zero sets under {Z; # 0} = C,

P(z) = zn:akzk = 0}.
k=0

n
HO(PL, O(n)) = {Z axZ¥zx

k=0

n
div (Z akzokZ{’k) N{Z #0} = {z eC

k=0
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Equidistribution of divisors of small sections

® X /Z: Algebraic variety over Z satisfying certain conditions of
finiteness, compactness, separateness, flatness and smoothness.

e [: Line bundle on X satisfying a certain condition of positivity (ample).

e h: Family of hermitian metrics hy on every line £, for every complex
point x € X(C) such that for every local section s the norm

5(x)|2 = hx(sx, Sx) varies smoothly in x and ¢((£, h) = 22 log |s(x)[2 is
a positive (1,1) form.

o SetZ = (£, h) and HO(X,Z) = {s € H(X, L) | supyen(c IS(x)| < 1 }
Assume that HO(x, £°") generates the group HO(X, £&") for n> 0.

Theorem 2 (W. 2022)

If d = dim X(C) > 1, then for every continuous (d — 1,d — 1) form ® on X(C)

1/ q>—/ ® A ci(L,h)| = 0.
N Jdiv(s)(c) X(C)

) seHo(x Z%")\ {0}

Robert Wilms (University of Caen) On the distribution of zeros of integer polynomials April 10, 2024



Outlook on future research

e Forevery x € @d there exist d polynomials Py,..., Py € Z[X1,..., X4,
whose common zero locus is a finite set S, € CY containing x. We call
the minimal such set Sy the Galois orbit O(x) of x.

® Planned generalization of Theorem 1: For an explicit function
h: Q7 — R, the set Pl ={xe Q% | #0(x) < n, h(x) < r}, and any
continuous function f: C¢ — CY which extends to P¢,

1
im > Z (@)~ [ | =0
o0 d ’
mee 3 P xePg, zeo
_ i >2, dzdz; _ (2L, Zidz) (20, zd7)
where H =3z (1+Zl€11 1z 2 (1+Z,‘-1:1 \Zi|2)2 .

® Besides the standard norm | - |, Q carries for every prime p the p-adic
norm |ap"/blp = p~", where ged(a, p) = ged(b, p) = 1. This induces a
p-adic analysis on the algebraic closed and | - |,-complete field Cp,.

e Planned work: Analogue of Theorem 2 for the p-adic analytic space
X(Cp) instead of X(C).
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Thank you for your attention!
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